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Review

Def . Let f- c- MARI . The Fourier tans form of f is
=

co
- 2Tli{ ✗

f^(§ ) := f-
is
fan - e dx

,

{ c- 112

Prop 't .

Let f. c- MCR) . Then the following hold :

=

N 2ñi{ h
" faith ) I> ftp.t.ev-hc-R
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(a) fan . e-
""

" h
? §( { + h )

,

the 11-2
.

(3) Let 820 .

Then

fish ±, FYI .

(4) Suppose f' c- MARI . Then

f- In -7> f^c{1. (21-113)

(5) Suppose ✗ fan EMCIRI . Then

fan . /-217in) F- dd§({)_



Proof : ① : fcx.in , -7, ftp.emish
,

HEIR
.

/ faith , e-2-111'{ ✗DX = ftp.GG-hldx
R-

C- MUR )
= : Gan = [Rfa , e-21-1131×-4)dx

= [Rfa , e-
""

'

{×.p2ñi{ha
,

= §(§ , emishi

④ ÷ If f-
"

c- MURI
,

then fix %) • Gai } )
.

°

oh,
= fame-2-1113×1

°

/ fine -2"i{ ✗
- is ✗ = - w

w

- f fan e-
"" is
:(⇒ais) dx

-
is

= ZITI } fY§ )



(5) : suppose xfcxi c- 7911131 , then

or

f-G) f- ztiix) -t, ddf§{l_ .

To show this formula, we need a special version

of Dominated convergence -1hm in real analysis :

Fhm : Let ( Gt )+e(a
, , ,

be a family of functions

in MIRI
. suppose that

(1) him 9+1×1 = 9+1×1 for every ✗ c- IR

+→ to

(a) F- 1-1 C- MARI such that

/ Gta ) / s 1-11×1 for all e- c- (a. b)
and C- IR

.

Then lim f 9+1×1 dx = £? 9%1×1 dx .1-→to - is



Now we prove the formula
in (5)

.

f7ss+o;}-Hh_
dx
- fame

-271'{ ✗

=
-

dx

- e

- 2171'{ ✗

= f
,

fan . é""&+4÷ , ,
= f

,,
fan . e-
""

' { ×
dx

-
= : go ;D .



Then

I , 'm Gogan = fan e-
"" ✗

f- zai × ) .

o }→o

To see that / Goga , / is bounded aboeve by

a fund> in in MARI
,
let us

estimate

-2171
' o{ ✗

/ e.gg/=-/e-aiossx.
×

og f
-

e
* io{ ✗

=

ye-t.io#f=fsin4;H-/
f 21-11×1 ( since /Sin YI

£191 )



Hence

/ Gogan / f lfcx ) / 2-11/24

( but / fail . 21-11>4 C- MURI)
.

By the Dominated convergence -1hm

him

o§→o £2 9%1×1 dx

= Sir 11in Gogh DX
o{→ o

± fp fix , e-↳ i{ × - f- Ztix ) dx

That is
,

dfc} )
= ftp.fcxle#i&X(-2-nix)dx

.

☒



• Further examples

Example . 't : Find the Fourier transform of
- 124

fan = e •

Solution : By definition ,

is
- 1×1 -21713K

fess = f e e dx
- is

= [ e- ✗ e-ztiissxDX

+ [
°

e.
✗

e-
Miss

DX
- is

- ✗ (1-121713)=/I e dx



1- [? @
✗ (1-2-1113)

DX

= g-
✗ (1+2-1113)

•

-

- ( ltztiiss ) /
o

+ ÷:÷i
.

= 1÷i}+ ÷ij
= 2- =µ¥ji

( I -12171
'

} )( I -2171
'

} )



Example 2
. Fourier transform of

fcx ) = e-
☐ x
'

oh IB
.

We would like to show

$0s ) =p
- * { 2

2

We first calculate

f)ol = f
"

fa, , e-
Ziti 0.x

DX
- is

= [I e-
-11×2

dx

Notice that

(f? e-""d×j=(f? e-
"" I e-

"5dg)



- -111×45 )
=

e dxdy #-)

Using polar coordinate

✗ = rcoso

of rscs{ y=rsinO
i ⇐ 0<21-1 )

* = [
"

④ e-
" "

r.ir/do--E.fE) do
= fi

"

¥,
do -_ I

1

Hence £? e- -11*2dx=1
So £10 ) = 1 .



Now notice that ✗ e-
""

C- MUR)
,

so

df^(31 (⇒ ix ) e-
☐ ×
'

-2-111'{ ×

_dg
= f? e dx

( using (5) of Prop 1)

= f.fi ( e-
1T£

)
.

• e-
ziti {×

DX
-

= fair

= i f^C{ 1. Gai } )
= -21T } §(3)



Hence Fest satisfies the following ODE :

df^c§ )
d-g

= -21T } §C§ )

dfY{ ,
so
I

•

1-
= -2175

.

Fai

thus

d In Fest
→

= -21T }

Hence In §({ I = - IT }
'

-1 C

⇒ pies , = E. e-
"5

i

but §co1= 1

So §({)= e-
" {!

☒



§ 5. 3 Inversion formula .

-1hm. ( Fourier inversion formula)

Let f- c- MARI . Suppose that FEMUR) .

Then

fan = f%§ , e- * i{ × d } , b- ✗EIR
.

- is

To prove the above theorem ,
let us introduce one

concept .

Def. let f. GEMIIR) . Set

f. * gfx ) : =

fpnfcx-ylgcyldy.pro#:
Let f, 9. C- MCR)

.

Then

4) f- * g = g*f
.

e) f- * g c- MCR )
.

(3) f*g^(§ ) = f^({1. 9731
.


